METRIC FOUNDATIONS OF CONTINUOUS
TRANSFORMATIONS

BY
EARL J. MICKLE

INTRODUCTION

In elementary cases the evaluation of a definite integral under a continu-
ous transformation of variables involves the Jacobian of the transformation
where the Jacobian is given in terms of derivatives. Furthermore, in ele-
mentary cases the transformations involved are usually one-to-one. It is the
purpose of this, paper to study the metric foundations of continuous (not
necessarily one-to-one) transformations in (complete) metric spaces in order
to develop formulas for the transformation of definite integrals. Radé and
Reichelderfer [4](?) have developed such a theory of metrical and topological
properties of continuous transformations in the plane. We shall be concerned
with their results on metrical properties and in the next few paragraphs we
shall review these results.

Let D be a bounded, connected open set in the uy-plane. A pair of real-
valued functions x(#%, v), y(%, v), bounded and continuous on D, determines a
continuous transformation T:x=x(u, v), y=y(%, v), (%, v) ED, which in
complex notation z=x+14y, w=wu-14v can be written in the form T:z=¢(w),
wED. If E is any set in the w-plane, then T(ED) will denote the image of ED
in the z-plane and |T (ED)I will denote the Lebesgue exterior measure of
T(ED). If E is any set in the z-plane, then T-1(E) will denote the set of all
those points w&D whose image is in E and this set is termed the inverse of E
under T. The symbol N(z, T, E) will be used to denote the number (possibly
equal to + =) of distinct points w in the set E-T-1(2).

Let B be a set in the w-plane satisfying the conditions (i) B is measurable,
and (ii) for every oriented(?) rectangle R such that(®) R°CD, the set T(R°B)
is a measurable set in the z-plane. Such a set B is called a base set. The de-
termination of the base set B for applications depends upon topological prop-
erties of T and we shall not be concerned in this paper with such properties
except that B is a Borel set.

For each oriented rectangle R such that R°C D we define G(R) = [ T(R°B)|.
A transformation T is called of bounded variation with respect to the base

Presented to the Society, April 26, 1947; received by the editors February 26, 1947.
(*) Numbers in square brackets are used to refer to the bibliography at the end of this

paper.
(®) A rectangle R is termed oriented when its sides are parallel to the coordinate axes.

() R° denotes the interior of a rectangle R.
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set B in D, briefly, B.V.B in D, if there exists a finite constant L such that
G(s1)+ - - - +G(s.) <L for every finite sequence of nonoverlapping(4), closed,
oriented squares sy, - - -, s, such that sfCD. A transformation T is called
absolutely continuous with respect to the base set B in D, briefly, A.C.B in
D, if for every €>0, there exists an n=7(e) >0, such that G(s;)+ - - -
+G(ss) <e for every finite sequence of nonoverlapping closed, oriented
squares 3, * - -, S, such that sfCD and |s1| + - +|s,.l <.

Under the measurability assumptions on B, the function N(z, T, D-B) is
measurable and T is B.V.B in D if and only if N(z, T, D-B) is summable.

Given a point w& D, let us consider a sequence of oriented closed squares
s, such that wEsSCD and lim ]s,.l =0. If, for every such sequence, the
quotients (s,)/ | sa| converge to a finite limit (which is then necessarily the
same for all such sequences), then this limit is called the derivative of G(R)
at w and is denoted by G'(w). If T is B.V.B in D, then G’(w) exists a.e. in D,
is measurable and summable in D, and we have, for every open set 0CD,

the inequality
ffc'(w) gffN(z, T,0-B).
0

Furthermore, T is A.C.B in D if and only if the sign of equality holds in the
preceding relation for 0 =D.

Let H(z) be a finite-valued, measurable function in the z-plane. Assume
that T is A.C.B in D. For every measurable set ECD we then have the
transformation formula

ffEH[t('w)]G’(w) =f H@)N(, T, E-B),

provided only that one of the two integrals involved exists.

We shall show in this paper that results comparable to those of Radé and
Reichelderfer [4] can be obtained in complete metric spaces. For this purpose
we shall work with analytic sets and the continuous images of analytic sets.
Since much of this material is scattered in the literature, for the convenience
of the reader we give, in Chapters I and II, the theorems necessary for our
theory of continuous transformations. In Chapter III concepts of bounded
'variation and absolute continuity are introduced and general transformation
formulas are given. In Chapter IV the general theory is applied to the above
results in the plane.

The essential tool in the development of our theory (see §2.9) is the de-
composition of the set being transformed into a denumerable number of
mutually disjoint sets on each of which the transformation is one-to-one plus
a set which under our definition of bounded variation plays no role in the

. . (]
(*) Two squares s,, s; are nonoverlapping if ;:sz =0.
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transformation formulas. The decomposition is such that the transformation
formulas can be developed on each of these sets and the general formulas
follow from these.

CHAPTER I. ANALYTIC SETS

1.1. Let 1 denote an abstract space (not assumed to be topologized). If to
each finite sequence of positive integers ¢ = (1, 7, * + +, nx) there corre-
sponds a set Ep,,...n, (also written E,) of 1, this denumerable family of sets
is called a determining system . For a given determining system ¥ the set

E =TI Euns-onio

v k=l

where the products are taken with respect to an infinite sequence of positive
integers v= (71, ng, - + -, i, - - - ) and the summation is taken with respect
to all infinite sequences of positive integers », is called the set derived from the
determining system % by the operation 4. We denote this set E by the
symbol

E =A4), A: E,.

In the following sections we give some relationships concerning the opera-
tion 4. In most cases where mere set identities are concerned the proofs are
either left as exercises for the reader or suitable references to the literature
are given.

1.2. LEMMA. Every positive integer n can be written uniquely in the form
n=22"1(28—1), where o and B are positive integers.

1.3. LEMMA. For any set E we have that E=cA(¥), A:E4=E.

1.4. LemMA. If E=A®), A:Es and E'=AN'), A':E{, then E-E’
=AA"), A':Eyny - v=Eaas--ar Epipy-- g0y Where ni=2%"1(28;—1) for
i=1,2,--,k

1.5. LEMMA. If Er=cA(A), A E} for n=1, 2, - - -, then
S E =A®), N:Eun.ni = Epngeeonpr

nml
where ny=24"1(20,—1);and
H E = d(?[)y 2[ : Enlng ceeng — Eﬂza.l"a,ga_l T heBnza-1

nw=l

where k=22"1(28—1). (See, for example, Hausdorff [2, pp. 90-93].)
1.6. If ¢ =(m, n, - + -, ms) then (¢, j) will denote the finite sequence of
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positive integers (n1, ng, + - + , 11, j) and (¢, ») will denote the infinite sequence
of positive integers (n1, na, * * -, %k, Mk41, * - + ) whose first 2 terms are the
same as ¢.

1.7. For a set E=cA4(¥), A:E,, we define

Z¢ = Z H Emng--mp

(6,9) k=1

where the products are taken with respect to an infinite sequence (¢, ») (see
§1.6) and the summation is taken with respect to all such infinite sequences

(¢, »).

The following relations follow easily from the definition of Z¢.

Z% C E4; E =Y Z7i Z¢ =Y Z@D,
=1 =1
1.8. LemMa. If E=A(N), A:E,, E'=AN’), A':E{ and for each ¢,
Z¥CEyJ CEg, then E'=E.

Proof. Take a point pEE. Then there is an infinite sequence of positive
integers my, ns, + - -, n, + - - such that pEE,,,...,, for k=1,2, - - - . Then
pEZmmr mCE}L ;. ... fork=1,2, - --andhence pEE’. Thus ECE’. Since
EJ CE, for each ¢, E'CE. Therefore, E' =E.

1.9. LeMMA. If E=cA(N), A:E, then the following inclusion relationship
holds (see, for example, Kuratowski [3, p. 6]),

0

L]
2 E-EC Z(E¢ -2 Ew.z‘)),
j=1 3 j=1

where the denumerable summation on the right is taken with respect to all finite
sequences of positive integers ¢.

Proof. If p€ > 2 E;—E then pEE,, for some integer n;. If pEE,,
— > 1 E.yj then pEE,,,, for some integer n,. Continuing in this manner we
see that if p is not in the right side of the above relationship, there exists an
infinite sequence of positive integers #;, 7, - - -, m, - - - such that
PEEny,.. . fork=1,2, - - - . Then p € E which contradicts that pE€Y ., E;
—E. Therefore, if a point p is in the left side of the above relationship it is
also in the right side.

1.10. Let ¥ denote a family of subsets of an abstract spaceé 1. Let Z denote
the operation of adding a denumerable number of sets, II denote the operation
of multiplying a denumerable number of sets, (> denote the operation of
taking the complement of a set, and D denote the operation of taking the
difference of two sets. By a family of sets K(¥, ?) we shall mean a family of
sets which contains the family of sets ¥ and is closed under the operations Q,
where  denotes a combination of any of the preceding operations Z, I, @, D.
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For example, K(¥, Z, II) is a family of sets satisfying the conditions: (i) If a
set EEY, then EEK (¥, Z,1I). (ii) If the sets E,€K(¥, Z,II) forn=1,2, - - -,
then the sum of these sets and product of these sets are sets in K (¥, Z, IT).

1.11. The product of all families of sets K(¥, Q) is again a family of sets
K (¥, ). This smallest family of sets K(¥, Q) is called the Borel class over ¥
with respect to the operations Q and is denoted by B(F, ©2). When referring
to the Borel class over ¥ without specifying the operations we shall mean the
usual class B(¥, Z, @). If M is a metric space and ¥ is the class of closed (or
open) subsets of M, we shall refer to B(¥, Z, (°) as the class of Borel subsets
of M.

1.12. If ¥ contains the empty set, then a family of sets K(¥, Z, (°) is called
a completely additive class of sets. A completely additive class of sets is also
a family of sets K(¥, Z, @, I, D) (see, for example, Saks [5, p. 7]).

1.13. LEMMA. If M is a metric space and ¥ is the class of closed subsets of
M, then B(F, Z, M) =B(Y¥, Z, ©.

Proof. From §1.12, B(¥, Z, () is a family of sets K(¥, Z, ©, II, D). Hence
B(F, Z, DB, =, 10).

Let B’ be the class of sets E of B(F, Z, II) satisfying that if E€ B(¥, =, II)
then CEE B(¥, Z, IT). Let F be a closed set and let F, be the set of points of
M that are a distance greater than or equal to 1/# from F. Then F, is a closed
set and CF=F+ - -+ +F,+ -+ is in B(}¥, Z, TI). Hence FEB'. Let
E, n=1,2, - beasequence of setsin B’. Then E=E;+ - - - +E,+ - - -
isin B(¥, Z,II) and CE= H:_IC,’E,. is a set in B(¥, Z, II). Hence E is in B’.
Thus B’ is a family of sets K(¥, Z, ?). Thus B(¥, Z, I) DB’ DB(Y, Z, ()
DB(Y, =, II). Therefore B(¥, Z, II)=B(¥, Z, ().

1.14. The Souslin class over a family of sets 7, which we denote by § (),
is the family of sets derived by the operation <4 on all possible determining
systems of ¥, that is, a set EES (F) if E=c4(¥), A:E,EF.

From §1.3 and §1.5 it follows that § (§) is a family of sets K(§¥, Z, II) and
hence S () DB(¥, Z, II).

1.15. Let M be a metric space. Let ¥ be the class of all closed subsets of
M. Sets in S(¥) (see §1.14) are called analytic sets. From §1.13, §1.14 it
follows that every Borel subset of M is an analytic set.

1.16. Let 97 be a completely additive class of sets (see §1.12). A set func-
tion ®(E), defined (possibly equal to 4 «) and non-negative for sets EC A,
is called a measure on N if P(E+ -+ +E.+ - )=P(E)+ - - -
4+ ®(E,)+ - - - for every denumerable sequence of sets E,&N such that
EE;=0, 15#j.

" 1.17. Let M be a metric space. A set function ®(E), defined (possibly
equal to + «) and non-negative for every subset E of M, is called a Cara-
théodory outer measure if (i) ®(E)=0 if E is the empty set, (ii) ®(E))
< ®(E,) whenever E\CE,, (iii)) ®(Ei+ -+ +E.+ - )SP®E)+ - - -
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+®(E,)+ - - - for every denumerable sequence of sets E,, (iv) ®(E;+Es)
= ®(E,) + ®(E;) whenever the distance between E; and E. is positive.

A set E is called measurable with respect to a given Carathéodory outer
measure @ if for every subset Q of M, ®(Q) = ®(QE)+ ®(Q-(CE). It follows
immediately that every set E for which ®(E) =0 is measurable. We have (see,
for example, Saks [5, pp. 43-52]):

THEOREM. Let ®(E) be a Carathéodory outer measure for sets E in a metric
space M. Then the class N of measurable sets is a completely additive class of
sets (see §1.12) containing the class of Borel subsets of M and ®(E) is a measure
on N (see §1.16).

If for each set E, there is a measurable set HDE such that ®(E) = ®(H),
then ®(E) is called a regular Carathéodory outer measure. The set H is called
a measurable hull of E.

If (M) is finite we shall call ®(E) a finite Carathéodory outer measure.

LEMMA. If ®(E) is a finite Carathéodory outer measure and H is a measurable
hull of E, then (i) for every measurable set HC H— E, we have ®(H,) =0, and
(ii) for every measurable set H, DE, HH; s also a measurable hull of E.

Proof. To prove (i) let H; be a measurable subset of H—E. Then ®(E)
=®(H)=9(H—-H,)+ P(H,) = $(E)+ ®(H,). Thus (i) follows.

To prove (ii) let H; be a measurable set containing E. Then ECHH,
and ®(E)=®(H)= P(HH,) = ®(E). Hence HH, is a measurable hull of E.

1.18. THEOREM. Let ®(E) be a finite regular Carathéodory outer measure for
sets E in a metric space M and let M be the class of sets measurable with respect
to ® (see §1.17). Then N contains the class of analytic sets (see §1.15).

Proof. This theorem is true even if ® is a general Carathéodory outer
measure (see, for example, Saks [5, pp. 47-50]) but we shall give a proof for
the case where & is finite and regular (see Kuratowski [3, p. 58]). Since 9
contains the closed subsets of M the theorem will be proved by showing that
S (M) =1 (see §1.14). Let E=cA(N), A: E,EM. Let Hy be a measurable hull
of the set Z¢ defined in §1.7. By the lemma in §1.17, EJ/ =H4E, is also a
measurable hull of Z¢ and satisfies the conditions Z¢CEJ CE4. Then by
§1.8, E=A(YA'), A':E,EM. For each ¢ (see §1.7)

Ey— X E4iy C Ey — D Z@®D = Ey — Z9,
i=1 =1
Since E{ is a measurable hull of Z¢, by the lemma in §1.17, for each ¢

@(E; -2 E:¢,j)> =0.

=1
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By the inclusion relationship of §1.9

L]

S E-EC Z(E; - EEIM).
@ =1

j=1

Since the right side of this last relation is a denumerable summation of sets
of ® measure zero, the sum of these sets is a set of ® measure zero. Hence
the set on the left side is of ® measure zero. Since each set E} €( and the sum
of these sets contains E, it follows that EEN. Thus § (M) CM. From §1.3,
MCS (MM). Therefore, S (M) =N and the theorem follows.

1.19. If ®(E) is a finite Carathéodory outer measure and if for every set
E, ®(E)=g.l.b. $(0), where the greatest lower bound is taken with respect
to all open sets O which contain E, we shall say that ®(E) is a finite Cara-
théodory outer. measure which is regular with respect to open sets.

If ®(E) is a finite Carathéodory outer measure which is regular with
respect to open sets then it is easily shown that for every measurable set E,
there exists Borel sets B;, B; such that ByCECB; and ®(B;) = ®(E) = $(B,).
In fact the sets B; and B; can be taken respectively as the sum of a denumer-
able number of closed sets and the product of a denumerable number of open
sets.

CHAPTER II. CONTINUOUS TRANSFORMATIONS IN METRIC SPACES

2.1. Let M, M* be two metric spaces. A transformation T:p*=i(p),
PEACM, p*EA*C M* is called a single-valued, continuous transformation
from a set A C M onto a set A*C M* if (i) for each point p €4 there is one and
only one point p*EA4* for which p* =¢(p), (ii) for each point p*E A* there is
at least one point pE A4 for which p*=¢(p), (iii) for each sequence of points
pn such that p,.E A4, p.—poE A4, the sequence (p.)—t(po)-

For each set EC M, T(EA) will denote the set of those points p* of A* for
which there is a point pEEA such that p*=¢(p). For each set EXC M*,
T-1(E*) (called the inverse of the set E* under T) will denote the set of those
points p of 4 for which ¢(p) EE*.

We shall use the symbol N(p*, T, E) to denote the number (possibly equal
to + «) of distinct points in the set EA-T-1(p*).

2.2. A transformation T is called univalent on a set E if T-1(p*)-E is a
single point for each point p*E€T(E).

2.3. A metric space M is called complete if every Cauchy sequence of
point in M has a limit point in M. A metric space M is called separable if
there is a dense denumerable subset of M.

2.4. Let M be a separable metric space containing a dense denumerable
subset of points xy, %3, - * *+, X, + * + . Let Spa,...n, denote the closed sphere
of radius 1/k and center at x,,. From the definition of the operation <4 (see
§1.1) it follows that
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M =A), At Sninge - onge

Let d(p1, p2) denote the distance between two points p1, p2 of M and let d(E)
denote the diameter of a set EC M (the diameter of a set E is the least upper
bound of d(p1, p2) for points pi, p: in E).

LemMa. If E=cA(N), A:E, where the sets E4 are closed sets, then there
exists a determining system ' such that E=AN'), ' E/, the sets E{ are
closed sets, and d(E}n,. . .n)—0 for k— oo,

Proof. By the preceding paragraph and §1.4, E=E-M=4(A"),
WA Ehnge o ni=Eaas---ap"St8s- - -8, Where ny=241(28,—1), 4=1,2, - - -, k.
The sets EJ are closed and d(E;,,...n,)—0 for k— o, since d(Enn,...n)
Sd(Spp,---8) S2/k.

2.5. A determining system ¥ such that Eun,...ns D Enny- - niniy is called
a regular determining system.

LemMA. If E=AN), A:E,, where the sets E4 are closed sets, then there
exists a regular determining system W' such that E=cA(A’), A':E; and the
sets EJ are closed sets.

Proof. The proof follows immediately by setting Ejn,...n,=En - Ena,
* Ening- - enpr

2.6. THEOREM. If T: p*=1(p), pEACM, p*CA*C M* is a single-valued
continuous transformation from an analytic set A in a complete and separable
metric space M onto a set A* in a metric space M*, then A* is an analytic set.

Proof. (See, for example, Hausdorff [2, p. 209].) Since 4 is an analytic
set, by §§2.5 and 2.4 there is a regular determining system of closed sets 9
such that 4 =c4(%), A: A4 and d(Anyn, - - -n;) —0 for k— . We shall now show
that A*=B* where

B* =A®"), B :Brn,...n, = closure(®) of T(A-Amnpn,...np)-

(i) Take a point p¢* EA*. Then there is a point poE4 such that p¢* =£(p)
and an infinite sequence of positive integers »=(ny, ng, + - +, 7, - - - ) such
that poE A nn,...n, for k=1, 2, - - - . Hence p* EBrys,...n, for k=1,2, - - .
and p¢* € B*. Therefore, A* CB*.

(ii) Take a point p¢* & B*. Then there is an infinite sequence of integers
v=(ny, My, + + -, m, - - - ) such that p*SBha,...n, for k=1, 2, - - - . Then
for each integer k there exists points pFET(A - Anny--ni)s D =A Apjny..n,
such that d(pe*, p¢*) <1/k and p* =¢(pr). Since d(Anyn,. . .ny) —0 for k— o0, py
is a Cauchy sequence of points and (since M is a complete space) converges
to a point po& M. Since pxE A npny - - -n; for every j<k (U is a regular determin-

(%) The closure of a set E is the set E plus all its limit points. Hence, the closure of a set is
a closed set.
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ing system) and since the sets Aun,...., are closed, the point po€ A4 nny...ny
for k=1, 2, - - - . Thus po€4 and #(po) EA*. Since T is continuous on 4,
the sequence pi* =¢(pi) converges to {(po) for k— ». On the other hand, since
d(pe¥, po*) <1/k, the sequence pF—po* for k— . Therefore. p* =¢(po) and
p*EA*. Hence A*DB*.

From (i) and (ii), A* =B*. Hence A* is an analytic set.

2.7. THEOREM. Under the same assumptions as §2.6, if B* is an analytic
set in A*, then T-1(B*) is an analytic set.

Proof. Since B* is an analytic set there exists a regular determining system
B* of closed sets By such that B*=cA4(B*), B*: Bs*. We shall show that
T-1(B*)=AB, where

B = A(8), B: Buyng- - -n, = closure of T‘I(B*~B:1,.,...,.,‘).

(i) Let poET-1(B*). Then #(po) =p*EB* and we have an infinite se-
quence of integers v=(my, M3, + * -, M, - - - ) such that p*E€Bu,...n, for
k=1,2, - --.Hence poE T (po*) CBnyn,---n; for k=1,2, - - - . Thus poEB.
Therefore, T-1(B*) CAB.

(ii) Let po&€AB. Then we have an infinite sequence of integers
v=(my, ng, + + -, Mk, * + - ) such that po&Bpn,...n, for k=1, 2, - - - . For each
integer k& we have a point p, such that p. CT-(B*-Bh,,. . .,) and d(pk, po)
<1/k. Thus t(pz) EBnn,. - -n; for every j <k (since B* is a regular determining
system). Since pr—po and each Bg* is closed, {(po) EBhiny- - nfork=1,2, - - -,
Thus #(po) EB* and po& T—(B*). Therefore, ABCT-1(B*).

From (i) and (ii), AB=T-'(B*) and T-!(B*) is an analytic set.

2.8. THEOREM. Under the same assumptions as §2.6, if for each positive
integer k, Ai* denotes the set of points p* such that N(p*, T, A)zk (see §2.1)
then A* is an analytic set.

Proof. (See, for example, Hahn [1, pp.-361-362].) Let all open spheres of
rational radius and centers at a dense denumerable subset of M be arranged
in a sequence Sy, Sy, - - - . Set

By = 3. T(AS.) - T(4S.,) - - - T(4S.,).

where the summation is-taken with respect to all sets of k nonoverlapping
open spheres Su,Sn, * * *, Sa,. We shall show that Be*=4,*.

(i) Take a point p* €A;*. Then p¢* has k models in 4 which can be en-
closed in k nonoverlapping spheres Sy, S, * - *, S», each one of which con-
tains one of the B models. Thus p*ET(AS,) T(AS.,) - - - T(AS,,) CB.
Therefore, 4> CB#*.

(ii) Take a point p*EB*. Then po* is in one of the terms T(4.S,,)
-T(AS,,) - - - T(AS,,) of the summation defining By* and hence has a model
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in each one of these k nonoverlapping open spheres S,, Sn,, * - -, Sa,. Hence
PO*EAI::* and BXCAZ.

From (i) and (ii) it follows that 4:*=B*. By §2.6, T(A4.S,) is an analytic
set and hence, by §1.5, each term of the denumerable summation defining
Bg* is an analytic set. Since the summation is a denumerable summation, by
§1.5, Bi* is an analytic set.

COROLLARY. Under the same assumptions as §2.6, the set A% of those points
p* for which N(p*, T, A)=+ = and the set Ao=T"1(A%) are analytic sets.

Proof. By the preceding theorem and §1.5, A% =A*4* - - - 4F-- - is
an analytic set. By §2.7, 4, is also an analytic set.

2.9. THEOREM. If T:p*=1t(p), pEACM, p*€CA*C M* is a single-valued,
continuous transformation from an analytic set A in a complete and separable
metric space M onto a set A* in a meiric space M*, then there exists a denumer-

able number of sets Xy, - -+, Xn, + - - salisfying the following conditions:
(1) A=Aoo+Xl+ c vt +Xn+ A (2) Auo(X1+ ¢t +Xn+ tr )=0-
3) X:X;=0, t5%j. (4) T is univalent (see §2.2) on X,, n=1,2, - - -. (5) Xa

and T(X,) are the difference of two analytic sets forn=1,2, - - -

Proof. Let all open spheres with rational radii and centers at the points
of a dense denumerable subset of M be arranged in a sequence Sj, - - -,
Sn, LR Set Bl=A, E1=Blsl+Aw,

Yy=E{p € Ey, N[p* = 1), T, Ex] > 1},

X,=E,—Y,. By applying the results of §§2.8, 2.7 to the transformation T
considered as defined on the analytic set E;, T(Y;) and Y; are analytic sets
and X, is the difference of two analytic sets. Since

T(Xl) = g {P* e T(El)’ N(p*y Ty El) = 1},
T is univalent on X,. Since
T(Yy) = E {p* € T(Ey), N(p*, T, E1) > 1},

T(X:) = T(E:)— T(Y1). Hence T(X)) is the difference of two analytic sets.
Set Bo=A-(X1=B;-CX1=B:-CS1+ Y1.B: is an analytic set.-Set E; = B,S;
+A -2

Y:=E {p € Es, N[p* = t(p), T, Ez] > 1},

X,=E;— Y,. By the same reasoning as used above, T is univalent on X,, X, is
the difference of two analytic sets, and T(X,) = T(E,) — T'(Y>) is the difference
of two analytic sets.

Continuing in this manner, at the nth stage, set B,=4 -C(X1+ - - -
+Xn._1). Then Bn =A e(X1+ e +Xn—2) '@Xn—l =Bn—leXn—l =Bn—l@Sn—l
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+ Y, is an analytic set. Set E,=B,S,+4.,
Vo= E{p € B, N[p* = (p), T, E.] > 1},

X.=E,—Y,. By the same reasoning, T is univalent on X,, X, is the differ-
ence of two analytic sets, and T(X,) =T(E,) — T(Y,) is the difference of two
analytic sets.

The sets X, thus defined satisfy conditions (4) and (5). Since X,CB,
CC(X;: + + « Xn) for each integer n, X;X;=0, ¢5#j. Thus condition (3) is
satisfied. For each integer n, X, ¥,=0 and Y,DA.. Hence condition (2) is
satisfied.

Let po be any point in 4 —A,. Then N[p=t(po), T, A] is finite and
there is a first sphere S, containing p, and no other point of T-![¢t(po)]. We
assert that poEX;+ + - - +X,. Assume poEX 1+ - - -+ +X,1. Then poEB,
and, since poES,, we have poEE,. Since N[p*=t(po), T, E.]=1, pEX,.
Thus poEX1+ - - - +X,and4d=4,+X1+ - - +X,.+ - - - . Hence condi-
tion (1) is satisfied.

2.10. THEOREM. Under the same assumptions as §2.9, if B is an analytic
set, then for each set X, defined in §2.9, the sets BX, and T(BX,) are the dif-
ference of two analytic sets.

Proof. For each integer n (see §2.9), BX,=BE,—BY, is the difference
of two analytic sets. T(BE,) and T(BY,) are analytic sets and T(BE,)
=T(BX,)+T(BY,). Since T(BX,)-T(BY,)=0, T(BX,)=T(BE,)
—T(BY,). Hence T(BX,) is the difference of two analytic sets.

CHAPTER III. TRANSFORMATION FORMULAS

3.1. Throughout this chapter M will be a complete and separable metric
space and M* will be a metric space. »(E) and »*(E*) will be finite Cara-
théodory outer measures which are regular with respect to open sets (see
§81.17, 1.19) defined on M and M* respectively. Sets measurable (see §1.17)
with respect to v (v*) will be called v-measurable (¥*-measurable) sets.

3.2. For a given single-valued continuous transformation T from an ana-
lytic set A C M onto a (necessarily) analytic set A*C M* (see §2.1) we define
a class MM(T) of subsets of M as follows. A set EENM(T) if and only if, for
each set X,,n=1, 2, - - -, defined in §2.9, the set T(EX,) is a »*-measurable
set. While we shall work with a fixed decomposition of 4 for a given trans-
formation T, we shall see in §3.4 that A(T) is independent of the decomposi-
tion of 4 into sets having the properties stated in §2.9.

3.3. LEMMA. The class M(T) defined in §3.2 is a completely additive class of
sets (see §1.12) containing all analytic sets.

Proof. The empty set obviously belongs to M(T).
Since EX,+X,CE=X, and T(EX,) T(X.CE)=0 for n=1, 2, - - -, if
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EcM(T), then T(X,CE)=T(X,)—T(EX,) is a v*-measurable set. Hence
CEEM(T).

If E.€EM(T) for m=1, 2, - - -, then T(E,X,) is a v*-measurable set for
every pair of integers m, n. If E=E,+ ---+4E,+ -- -, then for each
integer n, T(EX.)=T[(Ei+ -+ +Ent - ) Xa]l=T(EX)+ - - -
+T(EnX,)+ - - and T(EX,) is a v*-measurable set. Hence EENM(T).

By §2.10, for each analytic set B, the sets T(BX,), n=1, 2, - - -, are the
difference of two analytic sets and hence are v*-measurable. Thus BENM(T).

Therefore, MM (T) is a completely additive class of sets containing all analyt-
ic sets.

3.4. We shall now show that the class M (T’) defined in §3.2 is independent
of the decomposition of 4 into sets having the properties listed in §2.9. Let
A=A.+X{+ -+ - +X./+ -+ - and4d=4.+X{"+ ---+XJ'+ - - be
two decompositions of 4 where the sets X,/ and X,/’ satisfy the condition of
§2.9. Let M'(T) and MM’’'(T) be the classes of subsets determined by these
decompositions by the definition of §3.2. Since, by §3.3, M'(T) is a com-
pletely additive class of sets containing all the analytic sets, each set X’
EM'(T). For a set EEM'(T) we have (since X' CX{+ -- - +X.]
+ - )EX) =(EX{ + -+ + EXJ + - )X =EX]'X{ + -
+EX)'Xs + - and T(EX,)') =T(EX]'X{)+ -+ +T(EX)' X))
+ .- -.Since Eand X/’ arein M'(T), the set EX,)! €M'(T). Thus T(EX,')
is the sum of a denumerable number of »*-measurable sets and hence is itself
a v*-measurable set. Thus EEM’/(T). Therefore, M'(T) CM''(T). Similarly
M (T)CM'(T) and hence M'(T)=2""(T).

3.5. LEMMA. If E* is a v*-measurable set in M* and E=T-"1(E*), then
EEM(T).

Proof. Since E is the inverse of E*, T(EX,)=T(X,) T(E)forn=1,2, - - -.
Thus for each integer #, T(EX,) is the product of two v*-measurable sets and
hence is itself a v*-measurable set. Therefore, EENM(T).

3.6. For each set EEM(T) (see §3.2) we define the set function

0

w(E, T) = X v*[T(EX,)].

n=1
THEOREM. u(E, T) is a measure on WM(T) (see §1.16).

Proof. M(T) is a completely additive class of sets by §3.3 and u(E, T) is
defined and non-negative for sets EEM(T). Let E=FE+ - - - +E.+ - - -,
E.€eM(T),n=1,2, .., EE;=0,i%j. Since T is univalent on X,, for each

integer n
v [T(EX,)] = X v*[T(E.X.)).

m=1

Thus
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0

w(E, T) = 2 *[T(EX,)] = 2 2 v*[T(EnXa)] = 2 w(Enm, T).
n=1 n=1 m=1 m=1
3.7. Let ® be a measure on a completely additive class of subsets of.an ab-
stract space 1. Sets in this completely additive class of sets will be called
®-measurable sets. A real-valued function f(p) defined on a $-measurable set
E is called a ®-measurable function on E if, for every real number a, the set

E.= E{J(3) > o, p € E}

is a $-measurable set.

Let f(p) be a non-negative, ®-measurable functicn defined on a $-measur-
able set E. Let m(f, E’) denote the greatest lower bound of f(p) for points
pEE’. The definite integral of f(p) over E is defined to be

fEf(ﬁ)M = Lub. [m(f, E)®(E) + - - - + m(f, E)(ER)],

where the least upper bound is taken with respect to all finite sequences
E,, - -+, Exof ®-measurable sets such that E=E,;+ - - + +FEi, E:E;=0, 15].

For an arbitrary ®-measurable function f(p) defined on a ®-measurable
set E, let fi(p) =f(p) if f(p)20 and fi(p) =0 if f(p) <0, and let fo(p) =f(p)
if f(») <0 and fa(p) =0 if f(p)=0. If the definite integral of either fi(p) or
—f2(p) is finite on E, the definite integral of f(p) over E is defined to be the
definite integral of fi($) over E minus the definite integral of —f,(p) over E.

If the definite integral of a ®-measurable function f(p) is finite over a
®-measurable set E, f(p) is called a $-summable function on E.

For the properties of measurable functions and definite integrals used in
the sequel, the reader is referred to Saks [5, chap. I].

3.8. LEMMA. For each set EEM(T), the function N(p*, T, E—A,) is a
finite-valued and v*-measurable function (see §§2.1, 2.8, 3.7).

Proof. Since N(p*, T, E—A.,) S N(@p* T, A —A4.,) for every point p* € M*,
N(p*, T, E—A,) is a finite-valued function.

Since T is univalent on each set X,, N(p*, T, EX,)=1 for p*ET(EX,)
and N(p*, T, EX,)=0 for p*&¢T(EX,). Since EEM(T), T(EX,) is a v*-
measurable set and hence N(p*, T, EX,) is a v*-measurable function for
n=1,2, ... Hence N(p*, T, E—A,)=N(p*, T, EX))+ -* - +N(p*, T,
EX,)+ - - - isav*-measurable function (see Saks [5, chap. I, Theorem 12.3)).

3.9. LEMMA. For each set EEM(T)
w(E, T) = | N@* T, E — A.)dv*.
M.

Proof. The proof follows from Theorem 12.3, Chapter I, Saks [5], since
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(Np*1 T) E—Aeo)‘:N(p*, T, EX1)+ M +N(P*’ T, EX,.)-'— DY and
W(EX,, T)=v*[T(EX,)]=[u-N(p*, T, EX,)dv*for n=1,2, - - -.

3.10. LEMMA. If H(p*) is a finite-valued function defined on A* — A K, then
H(p*) is a v*-measurable function if and only if H[t(p)] is a u-measurable func-
tion on A —A..

Proof. For any real number g,
E, = E{H[(p)] > o} = T-U(E2), where E;=E {H(}") > a}.

By §§3.2 and 3.5, E.* is a v*-measurable set if and only if E, is a u-measurable
set.

3.11. Let f(p) be a finite-valued function defined on 4. For each set
ECM and set X, (see §2.9) we define

on(p*, T, E, f) = f(p) if p=T7'(p*) EX, and
o(p*, T, E, f) = 0 if p* & T(EX,),

0

o(p*, T, E, f) = X a.(p*, T, E, f).

n=1

3.12. We have the following identities and relationships for the functions
defined in §3.11. Let H(p*) be any finite-valued function defined on M*.

(i) Since Tisunivalenton X,,n=1,2, - - -, H(p*) =0.(p*, T, E, H[t(p)]),
P*ET(EX,).

(ii) From (i) we have, since N(p*, T, E)=0(p*, T, E, f) =0 for p*&(4*
—Aao*) : T(E) +Aeo*v H(P*)N(P*v T' E) =0’(P*, T! E, H[t(P) ])’ P*EM*—'A»*'

(iii) Let f(p) be a finite-valued function defined on 4. Then for each
integer n, H(p*)ou(p*, T, E, f) =aa(p* T, E, H[t(p) [f($)), p*EA*.

(iv) From (iii) we have H(p*)o(p*, T, E, f)=o(p*, T, E, H[t(p)]f(p)),
pr*eA*.

(v) Sinceo.(¢t(p), T, E, f) =f(p), pEEX,, and a,.(¢(p), T, E,f) =0, pEEX,,
it follows from §3.10 that o,.(p*, T, E, f) is a v*-measurable function if EX,
is a u-measurable set and f is a u-measurable function on EX,.

(vi) From (v) it follows that o(p*, .T, E, f) is a v*-measurable function if
E is a u-measurable set and f is a p-measurable function on E.

3.13. LEMMA. If f(p) is any non-negative, finite-valued, u-measurable func-
tion defined on A, then, for any pu-measurable set E and any integer n,

f(p)dn = f o.(p*, T, E, f)dv*.
EX, M*

Proof. (a) From (v) of §3.12, ¢.(p*, T, E, f) is a v*-measurable function.
Since a.(p*, T, E, f) =0 for p*& T(EX,), the integral on the right can be con-
sidered as taken over the set T(EX,).
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(b)] If E’ is any subset of EX,,, then (see §3.7) m(f, E') =m[o.(p*, T, E, f),
T(E')|.

(c) If E’ is any u-measurable subset of EX,, then (see §§3.2, 3.6), T(E’)
is a ¥*-measurable set and u(E’) =v*[T(E")].

d) If EX,=E+ -+ +Ex, E;E;=0, t#j, where E,, - - -, E; are u-
measurable sets, then T(EX,) =T(E)+ - - - +T(Ex), T(E:) - T(E;) =0, 157,
and the sets T'(E,), + - -, T(Ex) are v*-measurable sets. This follows from the
univalence of T on EX, and the definition of u-measurable sets.

(e) If T(EX,) =Ef*+ - - - +E¥ EX*E*=0, i, where E¥, - - - | Ej* are
v*-measurable sets, then for E;=EX, -T-Y(E}), ¢=1,---, k, we have
EX,=E+ - - - +Ex, E;E;=0, ¢%j and the sets E; are u-measurable sets.
This follows from the definition of the inverse of a set and the definition of
u-measurable sets.

The lemma then follows from (a), (b), (c), (d), (e¢) and the definition of
the definite integral (see §3.7).

3.14. THEOREM. If f(p) is any non-negative, finite-valued, u-measurable
Sfunction defined on M, then for any u-measurable set E,

fEf(P)d# = fM.d(P*’ T, E, f)dv*.

Proof. Since u[?(4 —A4.), T]=0, we have (see Saks [5, Theorem 12.8,
chap. I])

) Jroa=3f

By (vi) of §3.12, and by §3.10, o(p*, T, E, f) is a v*-measurable function.
Since each Un(p*, T, E, f)%O and U(P*y T' Ey f)=al(P*) Ty Er f)+ ce e
+0.(p* T, E,f)+ - - - we have (see Saks [5, Theorem 12.3, chap. I))

(2) fM‘U(P*’ T, E, f)av* = E

n=1

on(p*, T, E, f)dv*.
M

The theorem follows from (1), (2) and §3.13.

3.15. THEOREM. If f(p) is a finite-valued, p-measurable function defined on
M, then, for any u-measurable set E,

f Ef(i’)d# = fM.o(p*, T, E, f)dv*

whenever the integral on the left exists.
Proof. Assume that the integral on the left exists. The sets
E.=E[[p)20pEEl, E=E[(})<0r€eE]
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are u-measurable sets. By §3.14,
= [ oot 7 B i [ sau= [ oot T, B i
Ey M* E, M*

At least one of these integrals is finite by assumption. Hence the statement
of the theorem follows.

That the existence of the integral on the right side does not in general
imply the existence of the integral on the left side can be shown by the fol-
lowing example. Let 4 consist of two disjoint, closed, congruent squares
s1, Sz in the wv-plane and let s* be a third congruent square in the xy-plane.
The transformation T consists of mating each of the squares sy, s; congruently
onto s*. Then T is a single-valued, continuous transformation from 4 =s;+s,
onto A*=s*. The sets X;, X, can be taken as s, s respectively and the sets
X,, n=3,4, - -, as the empty sets. Let f(u, v) be a function which is non-
negative, Lebesgue measurable and has an infinite definite integral on s,
and takes on .corresponding negative values at corresponding points of s,.
If »* is taken as the Lebesgue exterior measure in the xy-plane then u(E, T)
is the Lebesgue measure of Lebesgue measurable subsets of 4 in the uv-plane.
Hence f(u, v) is a u-measurable function but does not have a definite integral
on A. However, o(p*, T, A4, f)=0.

3.16. THEOREM. If H(p*) is a finite-valued, v*-measurable function defined
on M* and g(p) is any finite-valued, u-measurable function defined on M, then,
for any u-measurable set ECA,

[ 1o lswan = [ B0, 7, B, v+
E M*

whenever the integral on the left exists. If g(p) =0, then the relation holds when-
ever the integral on the right exists.

Proof. By §3.10, H[t(p)] is a u-measurable function on 4 —4.. By the
definition of MM(T), every subset of A, is in M(T). Hence H[t(p)] is a u-
measurable function on 4. The first part of the theorem follows from §3.15
for f(p) =H [t(p) ]g(p) and the identity (iv) of §3.12.

If the integral on the right side exists then at least one of the the integrals

H(P*)U(P*r T, E,, g)d"*r H(p*)a(p*v T, E,, g)d"*r
M M
where

E,=E{H[(p] 20,p€E}, E=E{H[(p)]<0 pEE]

is finite. By applying §3.14 to f(p) = H[t(p)]g(p) on E, and E,, the integral on
the left exists.

3.17. Let T be a single-valued, continuous transformation from an analy-
tic set A C M onto a set A*C M*. The function N(p*, T, 4) (see §§2.1, 2.8)
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is a v*-measurable function defined on M*. We shall say that T is of bounded
variation on 4, briefly, B.V. on 4, if N(p*, T, A) is a v*-summable function
on M* (see §3.7).

3.18. THEQREM. Let T be B.V. on A. If H(p*) is any finite-valued, v*-
measurable function defined on M*, then, for any u-measurable set EC A,

[ 2o = [ meONGr, T, B,
E M*

provided only that one of the two integrals involved exists.

Proof. By (ii) of §3.12, H(p*)N(p*, T, E)=0(p*, T, E, H[t(p)]) except
on A.*. Since N(p*, T, A) is a v*-summable function, the set of points 4 .*
where N(p*, T, A) is infinite is of »*-measure zero (see, Saks [5, Theorem 11.8,
chap. 1]). The theorem follows then from §3.16.

3.19. LEMMA. If T ¢s B.V. on A, then, by §3.9, u(E, T) is a finite measure
(completely additive set function) on M(T).

3.20. The class NM(T) of u-measurable sets and the class of »-measurable
sets (see §3.1) are not in general the same class of sets. However, by §3.2 and
§§1.17, 1.18, both of these classes are families of sets K(S, Z, (®, II, D) (see
§1.10), where S is the class of analytic subsets of M. Hence the product of
these two classes, which we shall denote by No(T), is a family of sets K(S, Z,
G, I, D).

3.21. Assume T is B.V. on 4. By the Lebesgue decomposition of a com-
pletely additive set function (see Saks [5, Theorem 14.6, chap. I]) the set
function u(E, T) can be expressed uniquely as the sum of two non-negative
completely additive set functions

w(E, T) = po(E, T) + u(E, T), E € M(T),

where uq(E, T) is an absolutely continuous set function with respect to » and
ue(E, T) is a singular set function with respect to » on Ny(T’). That is to say,
ue(E, T) =0 for every set EENM(T) of v-measure zero and there exists a set
e, (called the singular set) in No(T) of »-measure zero such that u,(Ce,, T') =0.

By the Theorem of Radon-Nikodym (see Saks [5, Theorem 14.11, chap.
I]) the absolutely continuous set function us(E, T) can be expressed as the
v-integral of a non-negative, finite-valued function D(p, T) which is both
u-measurable and v-measurable. Thus we can write

w(E, T) = f D(p, T)dv + u(E, T), E € (7).

3.22. LeEMMA. Assume T is B.V. on A. Let e, be the singular set (see §3.21).
If EC(es is a v-measurable set then E is a y-measurable set.
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Proof. Since » is regular with respect to open sets (see §1.19), for each
integer n we have Borel sets B,/, B.’ such that B, CEX,CB.' X.(Ce.CB,’
and »(B, ) =v(EX.)=v(B,')=v(B.' X.(%s). The sets B,, B,)' X,(e, are u-
measurable sets. Since ¥(B.’' X ,(Ce,—B,)=0 and (B’ X,(e,— B, ) (e, we
have that u(B,.’'X.Ce.—B,., T)=0 and u(B., T)=u(B.' X.Ce, T). Since
T(B.))CT(EX,)CT(B.' X.(es) and v*[T(B,! )| =u(B.!, T) =u(B’' X.Ce,, T)
=v*[T(B.' X.(e,)], the set T(EX,) is v*-measurable. Hence EX, is y-meas-
urable for each integer » and E is a u-measurable set.

3.23. LEMMA. If E is a u-measurable set, then there exist sets Ey, EoE I y(T)
such that ExCECE; and u(Ey, T)=u(E, T)=u(E,;, T).

Proof. For each integer #, the set T(EX,) is a »*-measurable set. Since »*
is regular with respect to open sets, we have Borel sets B},, Bj, such that
B},CT(EX,)CB}, and v*(B},) =v*[T(EX,)] =v*(B},). By §2.7, T-'(B},)
and T-'(Bj,) are analytic sets. Hence, the sets E;.=X.T-!'(Bf,) and
Eyn=X.T-)(B;,) are sets in NMo(T) and E;.CEX,CE;. Furthermore,
Btn=T(E:») C T(EX,) CT(Es.) CBY, Hence w(Ern, T)=p(EX, T)
=u(Ez,, T). Since C(4 —A4.) ENM(T) and u[P(4—A4,), T]=0 and since u
is a measure on NMy(7T), the sets Ey=FE; 1+ - -+ +E;.+ - - - and E:=(C(4
—A.)+Es i+ - - - +Es .+ - - - satisfy the conditions of the lemma.

3.24. LEMMA. Assume T s B.V. on A. If f(p) is a finite-valued, u-measur-
able function defined on M, then f(p)D(p, T) s a v-measurable function.

Proof. We may assume that f(p) is non-negative on M. Since f(p) and
D(p, T) are p-measurable functions, the product f(p) D(p, T) is a u-measurable
function. For any real number a >0, the set

E. = E'[{($)D(p, T) 2 ¢ > 0]

is a p-measurable set. By §3.23, we have sets E,, E:&Ny(T) such that
E\CE,CE:and u(Ey, T) =p(Es, T) =p(Es, T). Then u(E:—E;, T)=u(E,, T)
—u(Ey, T)=0. Thus
=u(Ey— E, T) = f D(p, T)dv + us(E2 — Ey, T).
Eqo—E;

Thus D(p, T)=0 on E;—E; except on a set of yv-measure zero. Hence
f(p)D(p, T)=0o0n E,— E, except on a set of y-measure zero. Since f(p)D(p, T)
=a>0 at every point of E,— E; we conclude that E,— E, is of v-measure zero.
Hence E, is a v-measurable set and f(p)D(p, T) is a v-measurable function.

3.25. LEMMA. Assume T is B.V. on A. If f(p) is a finite-valued, u-measura-
ble function defined on M, then for any set EEIMo(T) on which the definite in-
tegral of f(p) extsts,

S 1w = [ 1006 1o+ [ 0.
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Proof. Since v(e,) =0, where ¢, is the singular set, it is sufficient to prove
the theorem for the case EC(e,.
(i) We first assume that f(p) 0. Let ¢ >0 be given. Set, forn=1,2, - - -,

E,=E[(n— 1)e < [(p) < ne; p € E].

By §3.23, we have sets B, ENMy(T) such that B, CE, and u(B,, T) =u(E., T).
Since u(E,—B,, T)=0, D(p, T)=0 on (E;—By)+ - -+ +(E.—B.)+ - - -
except for a seu of »-measure zero. We have

0 L]

ff(p)d,u —ew(E, T) £ Y (n— l)ef du =2 (n— e | du
E E,

n=1 n=1 B,

=S -1 pop =S [ 15DG, Dv

n=1 By, n=1v B,

=mewnw§im D(p, Tyas

n=1 B,

n==1 n=1

= Ene 5 du = ZnefE"dp, §fEf(p)du + eu(E, T).

Since €>0 is arbitrary,

f f(p)du = f f(p)D(p, T)dv.
E E

(ii) Let f(p) be an arbitrary u-integrable function. Let
Ei=E[f(p) 20;p EE], E =E[f(p) <0;p€EE]

By §3.23, we have sets B, Bo&ENMo(T) such that BiCE,, BsCE,, u(By, T)
=u(E,, T), u(Bs, T)=u(E;, T). Furthermore, D(p, T)=0 on (E,—B)
+ (E2— B;) except on a set of »-measure zero. Hence by (i)

[ swan= [ sou+ [ span
E By By
= [ 100, i+ [ 10)DGp, Tyiw

- [ 1o0, D

3.26. Assume T is B.V. on 4. By using §3.25, the theorems in §§3.16,
3.18 can be stated in the following form.

THEOREM. Assume T is B.V. on A. If f(p) is a finite-valued, p-measurable
function defined on M and H(p*) is a finite-valued, v*-measurable function de-
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fined on M*, then, for any set EENM(T), ECA,
D(p, v H . = "o (p*, T, E, f)dv*
® [ #Uo1o0¢, Do+ [ Bl @)n = [ B0 T, B v

whenever the two integrals on the left exist but are not both infinite with opposite
signs, and, if f(p) =0, whenever the integral on the right exists;

® [ 2up e, v+ [ Bl = [ 2GONG T, B
E E M*

whenever either the two integrals on the left exist but are not both infinite with op-
posite signs or the integral on the right exists.

3.27. A single-valued, continuous transformation T:p*=t(p), pEAC M’
p*EA*C M*, from an analytic set 4 CM onto a set A*C M* which is B.V*
on A is called an absolutely continuous transformation on 4, briefly, A.C
on 4, if v*[T(E)] =0 for every set ECA of v-measure zero.

3.28. In general a transformation T such that »*[T(E)] =0 for every set
E of v-measure zero is not of bounded variation on 4 as the following example
shows. Let M consist of a denumerable number of points py, ps, * * * , P, = - -
Set »(p,) =1/2" and »(E) = D _»(p), where the summation is taken with re-
spect to all points pE E. Let M* consist of a single point p* and set »*(M*) =1.
The transformation T consists of mapping M onto M*. Since M contains no
nonempty set of measure zero, »*[T(E)] =0 for every set of »-measure zero.
Since 4 . F = M*, v*(4¥) =1. Thus T is not B.V. on M.

3.29. THEOREM. Assume T is B.V. on A. A necessary and sufficient condi-
tion that T be A.C. on A 1is that the set function u(E, T) be an absolutely con-
tinuous completely additive set function on No(T).

Proof. Assume that T is A.C. on 4. Let EEN(T) be a set of v-measure
zero. Then v*[T(E)]=0. Hence N(p*, T, E—A,)=0 except on a set of
v*-measure zero. By §3.9, u(E, T) =0. Furthermore, since »(E) =0, u(E, T)
=ua(E, T)+ps(E, T) =u,(E, T) =0. Thus u,(E, T) =0 for every set EENMo(T)
of »-measure zero and hence it is equal to zero for every set in No(T) (see
§3.21). Thus u(E, T) =u(E, T) is an absolutely continuous completely addi-
tive set function on N (T).

Assume u(E, T) is an absolutely continuous completely additive set func-
tion on NMo(T). For any set ECA, EENM(T),

uo(E, T) = w(E, T) = f NG* T, E — A)dv" 2 v [T(E) — 4%].
e

If »(E) =0, then uo(E, T)=0 and v*[T(E)—A,]=0. Since T is B.V. on 4,
v*(4.¥) =0. Hence 0 =v*[T(E) — A4 *]+v*(4.*) 2v*[T(E)] and v*[T(E)]=0.
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Let E’ be any set of v-measure zero. Since » is regular with respect to open
sets, we have a Borel set EEN((T) such that EDE’, v(E)=v»(E')=0. Thus
v¥[T(E"]<v*[T(E)]=0. Thus T is A.C. on 4.

3.30. LEMMA. If a transformation T is B.V. on A and A.C. on A, then every
v-measurable set is in NMo(T).

Proof. By §3.29, u.(E, T) =0 for every set EEM,(T). Hence the singular
set e, (see §3.21) can be taken as the empty set. The lemma then follows
from §3.22 and the definition of the class N (T) (see §3.20).

3.31. If a transformation T is B.V. on 4 and A.C. on 4, then u,(E, T) =0
for every set EENMy(T). Thus, from §3.26 and §3.30 we have the funda-
mental transformation formulas stated in the following theorem.

THEOREM. Assume that T s B.V. on A and A.C. on A. If f(p) is a finite-
valued, v-measurable function defined on M and H(p*) is a finite-valued,
v¥-measurable function defined on M*, then, for any v-measurable set ECA

@ [ E@leDe e = [ 2696w, 1, 5 o

whenever the integral on the left exists, and, if f(p) =0, whenever the integral on
the right exists;

®) [ Beooe ne = [ #eONGr, T, B2

whenever either of the two integrals involved exists.

CHAPTER IV. APPLICATIONS TO THE PLANE

4.1. We now wish to show that the theory developed in the previous
chapters applies to the results of Radé and Reichelderfer [4] in the plane as
outlined in the introduction. M will be taken as a bounded, closed, oriented
square in the uv-plane; v(E) will be taken as the Lebesgue exterior measure
of a set E and will be denoted by | E|.

THEOREM. Let T:p*=t(w), wEACM, p*CA*CM* be a single-valued,
continuous transformation from an analytic set A in a bounded, closed, oriented
square M in the w-plane onto a set A*C M*. A necessary and sufficient condsi-
tion that T be B.V. on A (see §3.17) is that there exist a finite constant L such
that v*[T(s14)]+ - - - +v*[T(sxA) | <L for every finite sequence of nonover-
lapping, closed, oriented squares, sy, + + -, sk such that s;CM,1=1,2, .-,k

Proof. Assume that T is B.V. on 4. Let sy, - - +, s be a finite sequence of
nonoverlapping, closed, oriented squares in M. No point p can be in more
than four of the squares s;. Hence 4N [p*, T, (s1+ - - - +s)A]=N@p*, T, s:4)
4+ + -« +N(p*, T, sid). Since N(p*, T, s;A)=1 for p*&T(s:4),
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k 3 _
Sv¥[T(s:4)] = 2 | N@* T,sid)dv* <4 | N[p*T,(s1+ - - -+ sp)A]dv*

=1 =1V M* M*
<4 | N+ T, A)d*
M‘

Since Tis B.V. on 4, N(p*, T, A) is a v*-summable function on M* and L can
be taken as any number greater than four times the definite integral of
N(p*, T, A) over M*.

Assume that there exists a finite constant L such that »*[T(s:4)]+ - - -
+v*[T(s:d)] <L for every finite system of nonoverlapping, closed, oriented
squares sy, - + -, s, such that s;C M. Let D, denote a subdivision of M into
4~ congruent closed squares by lines parallel to the coordinate axes. Let
c(p*, E*) denote the characteristic function of the set E*, thatis, c(p*, E*) =1
if p*€E* and=0 if p*& E*. Then

8. (%) = Z C[P*’ T(SA)]v

where the summation is taken with respect to the squares s in the subdivision
D,, is a v*-measurable function since c[p*, T(s4)] is a v*-measurable function
for each s in the subdivision D,. Then (see Saks [5, Theorem 12.3, p. 27])

fM‘g,,(p*)dv* = fM‘c[p*, T(sd)]dv* = D v*[T(s4)] < L

where the summations are taken with respect to the squares s in D,. Since
£+(p*) is a nondecreasing sequence of non-negative, »*-measurable functions,
we have (see Saks [5, Theorem 12.6, p. 28]) g(p*) =limn..g.(p*) is a v*-meas-
urable function and

f g(p*)dv* = lim f g.(p¥)dv* < L.
M* 7—> 0 M

Let p* be any point in T(4) and let & be any integer less than or equal to
N(p*, T, A). Then there are k distinct points wy, - - -, w in 4 such that
tHw:)=p* i=1, - - -, k. For ny large enough no two of these points will lie
in the same square of a subdivision D, for n>n,. Hence g,(p*) 2k for n>n
and thus g(p*)=k. Since this is true for every integer R N(p*, T, A4),
g(p*) = N(p*, T, A). Since g(p*) is a v*-summable function, it follows that
N(p*, T, A) is a v*-summable function.

4.2, THEOREM. Let T:p* =t(w), wEA C M, p* EA*C M* be a single-valued,
continuous transformation from an analytic set A in a bounded, closed, oriented
square M in the w-plane onto a set A*C M*. If for every e>0 there exisis an
n=n(e) >0 such that v*[T(s14)]+ - - - +v*[T(sxd)] <€ for every finite se-
quence of nonoverlapping closed, oriented squares s, - + - , sy such that s;iCM
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and |si|+ « - - +|se| <n, then T is B.V. and A.C. on A (see §§3.17, 3.27).

Proof. We first show that T is B.V. on 4. Let n, be an integer such that
| M l /470 <q(1). For the subdivision D, defined in the proof of the theorem in
§4.1, we have v*[T(so4) ] <1 for each square s, in D,,. Hence, for any % >n,
the summation »*[T'(s4) ] over the squares s of D, which lie in a given square
so of D, is less than 1. Thus, for the functions g.(p*), n>mno, defined in the
proof of the theorem in §4.1,

fM‘g,,(p*)dv* = D v*[T(s4)] < 4m,

where the summation is taken with respect to the squares s in D,. Hence
g(p*) =lim, ., g.(p*) is a v*-summable function on M*. Since N(p*, T, 4)
<g(p*) on 4, N(p*, T, A) is a v*-summable function on M*. Thus T is B.V.
on 4.

We now show that T is A.C. on 4. Let E be a set of Lebesgue measure
zero in M. Let €>0 be given. We have an open set ODE such that |0| <n(e).
As before, let D, denote the subdivision of M into 4* congruent squares by
lines parallel to the coordinate axes. For each integer #, let S, be the squares
s of D, such that sCO and s is not in a square of D,_; which lies in O. Then,
if Sis all the squaresin Sy, S, - - -+, S is a denumerable system of nonover-
lapping squares sy, $3, *+ - +such that O =s,+s.+ - - -. Since |81| + .- —|—|s,.|
<|0| <n(e), v*[T(s14) ]+ - - - +v*[T(s.4)] <e for every integer n. Thus

[T(EA)] = v*[T04)] £ v*[T(s14)] + - - - + v*[T(s.4)] + -+ S e

Since >0 is arbitrary, »*[T(EA)] =0. Since E was any set of Lebesgue meas-
ure zero in M, T is A.C. on 4.

ReMARK. If T is B.V. and A.C. on A4, the converse of the preceding
theorem follows from Theorem 13.2, Chapter I of Saks [5], since »*[T(s4)]
Su(s, T).

4.3. Let T be B.V. on 4. Then (see §3.21)

uw(E, T) = f D(w, T)dv + p(E, T), E € My (T).
E
For each integer # and set EEN(T), let

un(E, T) = p(EX,, T) = D(w, T)dv + p,(EX,, T).

EX,
We- also set (see introduction) for each oriented, closed square sC M
G(s) = v*[T(s°4)].

Given a point wE& M, let us consider a sequence of oriented, closed squares s,



1948] METRIC FOUNDATIONS OF CONTINUOUS TRANSFORMATIONS 391

such that wEssC M and lim | s.| =0. If for every such sequence, the quotients
u(s4, T)/| s,.| converge to a finite limit (which is then necessarily the same
for all such sequences), then this limit is called the derivative of u(E, T) at
w and is denoted by u’(w, T). u. (w, T) and G’(w) are defined in the same
way. We then have (see, for example, Saks [5, chap. IV, Theorem 7.3]) that
' (w, T) exists and is equal to D(w, T) almost everywhere in M and for each
integer #, u, (w, T) exists and is equal to D(w, T) almost everywhere in X,.

LeMMA. G'(w) exists and is equal to D(w, T) almost everywhere in M.

Proof. Let w be a point in X, where u.)(w, T) and u’(w, T) exist and are
equal to D(w, T). Then for any square sC M such that wCs",

un(s%4, T)/ | s| = pa(s"X, T/ | 5] 2 G(s)/ | 5| < w(s°4, T)/ | s].

Thus G’(w) exists and is equal to D(w, T). Hence G’(w) exists and is equal to
D(w, T) almost everywhere on 4 —4.,.

Since p[P(4 —A4.), T]=0, D(w, T) =0 almost everywhere on (4 —A4.,).
Let wE((4 —A4,) be a point where u’(w, T) exists and is equal to D(w, T) =0.
Then for any square sC M, weEs®, by §3.18, G(s) Su(s°4, T).

Hence, G'(w) =0.

Therefore, G’(w) exists and is equal to D(w, T) almost everywhere in M.

4.4. It is easily shown that the conditions B.V.B and A.C.B as given by
Radé and Reichelderfer in terms of G(s) =v*[T(s°B)] are equivalent to the
conditions stated in the theorems in §4.1 and 4.2 respectively in terms of
v*[T(sB)] (note, one uses s° and the other s). If M* is taken as a closed,
oriented square in the xy-plane and v*(E*) is taken as the Lebesgue exterior
measure of a set E¥*C M*, then, from §§4.1, 4.2, 4.3, our theory on metric
foundations of continuous transformations applies to the results of Radé
and Reichelderfer [4] as given in the introduction.
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